A significant part of the phase diagram of the two-dimensional fermionic Hubbard model for moderate interactions and filling factors (U < 4, n < 0.7) is governed by effective Fermi liquid physics with weak BCS-type instabilities. We access this regime in a controlled way by a combination of the bold-line diagrammatic Monte Carlo method with an additional ladder-diagram summation trick and semi-analytic treatment of the weak instability in the Cooper channel. We obtain the corresponding ground-state phase diagram in the (n, U ) plane describing the competition between the p− and d−wave superfluid states. We also claim the values of the dimensionless BCS coupling constants controlling the superfluid Tc at the phase boundaries, which prove to be very small up to U = 4, n = 0.6.
(ĉ † iσ creates a fermion with spin projection σ =↑, ↓ on site i;n iσ =ĉ † iσĉiσ ; . . . restricts summation to neighboring lattice sites; U and µ are, respectively, the on-site repulsion and the chemical potential in units of the hopping amplitude) is one of "standard models" of condensed matter physics. Most prominently, it is believed to be the paradigmatic model for high-temperature superconductors [2] . It is also directly realized with ultracold atoms in optical lattices [3] [4] [5] .
For decades, the Hubbard model has been the focus of theoretical studies. Despite remarkable successes in certain limiting cases (small interaction or/and low filling [6] [7] [8] [9] [10] [11] [12] [13] , half-filling [14] [15] [16] , elongated geometry [17] ), and progress based on the dynamical mean-field approximation and its extensions [18] [19] [20] [21] [22] [23] [24] [25] , a reliable phase diagram for (1) in two and higher dimensions remains elusive.
In this Letter, we report accurate controllable results ( Fig. 1) for a significant part of the ground-state phase diagram of Hamiltonian (1) on the square lattice. We study the region of moderate bare coupling U ≤ 4 and filling n < 0.7 where the system demonstrates Landau Fermi-liquid behavior at temperatures T c < T E F ; i.e., between the Fermi energy E F and the temperature of the superfluid phase transition T c E F . Our method is a combination of bold diagrammatic Monte Carlo (BDMC)-a numeric technique for stochastic summation of skeleton diagrammatic series-and semi-analytic BCS treatment of weak instability in the Cooper channel.
We employ the skeleton expansion in terms of the fully dressed interaction vertex in the particle-particle channel, as used in Ref. [26] for the resonant Fermi gas, with an additional trick leading to near cancellation of largeamplitude contributions in the interaction vertex, which crucially improves numerical efficiency of BDMC. In the considered regime of moderate interactions and fillings the skeleton series is known to produce exact results [27] , which we also explicitly check by benchmarking the obtained Green's function against corresponding bare-series calculations. 
where k is the momentum and ξ is the Matsubara frequency, and the Fermi surface is parameterized in terms of the Fermi momentum k F (k) in the direction ofk, with v F (k) and z(k) being the Fermi velocity and quasiparticle residue respectively. The Cooper instability then develops in the FL state and is marked by divergence of pairing susceptibility at the temperature T c that is exponentially small compared to the FL energy/temperature scale. (4) , where pi ≡ (ξi, ki).
FIG. 2. Bethe-Salpiter equation for Γ
Physically, this behavior is typical for models with local repulsive coupling, where weak attractive effective interactions-described by the irreducible (in the particle-particle channel) four-pole vertex T-are an emergent low-energy property. By definition, T is the sum of all four-pole diagrams that can not be split into disconnected pieces by cutting two particle lines. From the Bethe-Salpiter relation, Fig. 2 , for the full four-pole vertex Γ (4) , we see that the smallness of the attractive part of T is a natural condition preventing Γ (4) from dramatic growth at T E F . Indeed, in the FL state, the leading contribution to the integral over k 3 in the second term in the r.h.s. of Fig. 2 comes from
in close vicinity to the Fermi surface, where only the finite temperature (i.e., discreteness of Matsubara frequency ξ 3 ) prevents it from logarithmic divergence. With the logarithmic accuracy at T E F , we have
and Qk is the product of z 2 (k) and the single-component density of states at thek-point on the Fermi surface. The systematic error in (3) comes from the ultra-violet cutoff scale, E F → cE F , where c is some order-unity factor [28] . Switching to the matrix notations, Γ
Qk 2 →M, we find
implying that Γ (4) -and thus the static response function in the Cooper channel-diverges at the critical temperature
where λ is the largest positive eigenvalue ofM. The consistency of the emergent BCS picture based on weak Cooper instability requires λ 1. Solving the problem with logarithmic accuracy amounts then to finding the eigenvalues/eigenvectors of a real symmetric matrix
where the eigenvector ψk is the wave function of the Cooper pair in the momentum representation. In two dimensions, it is convenient to parameterizek with the polar angle θ, and to write the eigenvalue/eigenvector problem explicitly as
θ , (7)
By the D 4h symmetry of the square lattice, T θ,θ splits into five independent blocks corresponding to s, p, d x 2 −y 2 , d xy , and g eigenvector sectors. The p-sector is doubly degenerate and can be further split into two independent sectors, p x and p y , related to each other by ±π/2 rotations. For each of the six (sub)sectors, the symmetry properties of the corresponding vectors f (θ) are readily seen from their Fourier expansions (m is integer):
The f s is invariant with respect to all point-group operations; f g is invariant with respect to π/2 rotations, but changes its sign under each of the four D 4h reflections; f py /f px is symmetric with respect to reflections over the x/y-axis and anti-symmetric with respect to reflections over the y/x-axis (also, the π/2 rotation of f py turns it into f px ). The functions in both d sectors change their sign when rotated by π/2: f d x 2 −y 2 /f dxy is symmetric/anti-symmetric with respect to reflections over x and y axes, and anti-symmetric/symmetric with respect to reflections by ±π/4 axes. Fermionic antisymmetry implies spin-triplet state for p-wave pairing and spin-singlet state for the other four sectors. BDMC method with the ladder-summation trick. Similar to the system of resonant fermions, the locality of interaction allows one to introduce propagators based on interaction vertexes and pairs of fermions (and to fully dress them) by considering sums of ladder diagrams, see Ref. [26] and Fig. 3 . Effectively, this amounts to replacing bare interactions in Feynman diagrams with exact two-body scattering amplitudes; this trick is particularly important for dealing with strong interaction in the dilute gas limit by eliminating the expansion in a large parameter.
There is, however, a technical difficulty in combining bare interaction with ladder terms in the imaginary time representation: The first term in the r.h.s. of Fig. 3 is a generalized −U δ(τ ) function (for resonant fermions, this term vanishes upon taking the zero-range limit), while the rest of the diagrams,Γ, is a continuous function of τ . The effective smallness of Γ in the dilute-gas regime at large |U | takes place only under τ -integration and mathematically happens as follows. For large but finite U the sum of ladder diagrams behaves as a regularized U δ(τ ) function; i.e., the range of variation ofΓ(τ ) is ∼ 1/U while its amplitude is such that τ0 0Γ (τ ) dτ ≈ U for τ 0 1/|U |. In Monte Carlo methods, however, the integration is achieved by sampling the integrands with the weighting factors proportional to their absolute values, meaning that a naïve scheme will sample −U δ(τ ) terms separately fromΓ(τ ) terms and their mutual compensation will be revealed only in the painful statistical limit.
The Γ-line in the time-momentum representation (spin and momentum indexes are suppressed for clarity): Γ12 ≡ Γ(τ1 − τ2), Π13 ≡ Π(τ1 − τ3), etc. Integration over internal times is assumed. Pair self-energy Π13 is the sum of all vertex-irreducible diagrams starting, at time τ3, and ending, at time τ1, with spin-up and spin-down outgoing (incoming) single particle propagators. A diagram is vertex-irreducible if it remains connected after cutting across any single interaction vertex. The lowest-order diagram contributing to Π13 is a pair of dressed propagators going from τ3 to τ1. The second term in the r.h.s. is a continuous function of τ and will be referred to asΓ. Hence, Γ(τ,
The solution is to transform the functional form of the bare vertex to make it (i) compatible with that ofΓ(τ ) at the level of integrands, and (ii) such that the diagram value remains intact under integration. To this end we introduce a functionΓ U with the following properties
The particular design ofΓ U (τ ) still has a freedom. We chooseΓ U (τ ) = −Γ(τ ) + c 0 , where c 0 is a constant of order unity or much smaller. This guarantees that, for |U | 1, the condition of compensation,Γ U (τ ) ≈ −Γ(τ ), is satisfied.
We then formally-and identically-represent each coupling constant U in the diagrammatic series as an integral over the auxiliary variable s, thereby replacing the bare vertex with theΓ U function as pictured graphically in Fig. 4 . SinceΓ U has the same functional structure as Γ, we sum up the two elementary diagrammatic contributions into one, A 1234 , as shown in Fig. 4 . Thereby, we arrive at the diagrammatic formulation identical to that for resonant fermions [26] , but with a modified rule for reading the diagram value: The single diagram element A 1234 , now contributes a factor (momenta are suppressed for clarity) (10) to the integrand of the diagram it enters. It contains two terms that become close in absolute values and opposite in sign when |τ 1 − τ 2 | < ∼ 1/|U |. This is how the large-U compensation is achieved at the level of integrands. Apart from this specific way of evaluating the diagram value, the rest of the BDMC protocol is essentially identical to that for resonant fermions [26] . Numeric procedure and results. We employ the following protocol of data collection and analysis based on FL physics. Start with the BDMC simulation of the singleparticle Green's function at some temperature T E F , low enough for observing sharp Fermi-step in the momentum distribution, and extract all quasiparticle FL parameters. Use this Green's function to perform the BDMC simulation of the irreducible vertex Tk 1,k2 . Extract eigenvalues/eigenfunctions for all Cooper channels by solving the eigenvalue problem (7), and locate phase boundaries shown in Fig. 1 from points where λ for the two competing ground-state phases coincide. We have verified that spin and density correlations (particle-hole channels) do not exhibit any flow towards instability at low temperature for (n = 0.6, U = 4).
With simulations done at different temperatures we ensure that final results are temperature independent and employ special procedure for eliminating the slowly vanishing (and quite substantial in the n → 0 limit) finite-temperature correction to Tk 1,k2 . Having observed that the leading term in this correction is coming from the second-order diagram, we calculate the corresponding contribution (semi-analytically) directly at T = 0. All simulations are performed with explicit truncation of diagrammatic series at some maximum order N . Extrapolation with respect to N brings the corresponding systematic error under control, see Fig. 5 . The small-U limit of the p-d xy phase boundary is consistent with the linear law, n c = 0.138U , implied (qualitatively [30] ) by analytic results derived in Ref. [7, 8] (the term ∝ U 2 in the n → 0 limit) and Ref. [9] (terms ∝ U 3 in the n → 0 limit). We find a discrepancy (which is rather academic in terms of experimental consequences given the smallness of the corresponding λ) with the low-U study performed in Ref. [13] : The p phase with six nodes (rather than just two) for densities n between 0.5 and 0.6 was overlooked there. To emphasize the nodal structure, we denote this phase as p .
